I. INTRODUCTION
A THEROSCLEROSIS is assessed according to the degree of stenosis of diseased vessels. For example, stenosis of the carotid artery of greater than 70% represents a high risk of stroke and should be corrected by endarterectomy [1] . The standard method for measuring the degree of stenosis is digital subtraction angiography (DSA) which provides high-contrast projection images of vessels from multiple viewpoints. However, DSA requires intra-arterial placement of a catheter that can have serious medical complications. Thus, alternatives to DSA have been proposed including magnetic resonance angiography (MRA) [2] , three-dimensional (3-D) ultrasound [3] , and computed tomographic angiography (CTA) [4] . These methods are attractive because they are all less invasive than DSA and provide 3-D images of the vessel lumen. However, the images from these methods are significantly more difficult to interpret due to lower image resolution and contrast.
In this paper, we will present a computational method for reconstruction of vessel shape from 3-D angiography. This method allows for an objective evaluation of vessel shape and may improve the precision of shape measurements from 3-D angiography. Furthermore, reconstruction of the complete vascular surface provided allows for more sophisticated characterization of vessel shape at stenoses. Finally, surface reconstruction is useful for accurate computational fluid dynamics (CFD) modeling of arterial blood flow [5] - [7] . Such modeling provides estimates of fluid-mechanical conditions in the vessel that may be a factor in the progression of atherosclerosis [8] , [9] .
II. BACKGROUND
A variety of methods have been applied to the problem of vessel-surface reconstruction from 3-D angiography. We will review these methods in this section and discuss their relation to the problem of evaluation of atherosclerosis.
The simplest method for reconstruction of vessel surfaces is iso-surface reconstruction. In this method, the location of the surface is determined strictly according to image intensity. A smooth surface is produced by placing the vertices at fractional image grid locations such that the interpolated image intensity is constant on the surface [10] . However, choice of the threshold or iso-intensity level may be problematic, particularly for MRA, due to image inhomogeneities and other artifacts [11] . Thus, the use of the iso-intensity surface is restricted to qualitative applications.
Surface reconstruction of vessels has also been obtained from segmentation methods. Segmentation methods incorporate spatial and intensity criteria to objectively classify regions or voxels in an image. For example, a -means clustering method automatically identifies voxels within vessels from MRA. This method compensates for the partial volume effect that diminishes the intensity of the smaller vessels thus causing errors for methods based on image intensity alone [12] . Another method uses "fuzzy connectivity" for separating arteries and veins in MRA obtained with blood pool contrast agents [13] . The arteries and veins are separated from the arteries based on a limited number of seed points inside and outside of the vessels. A similar watershed method has been successfully applied to MRA of the thoracic aorta [14] , [15] .
Once the image has been segmented surfaces can be readily composed from segmentation boundaries although considerable U.S. Government work not protected by U.S. copyright.
smoothing must be applied [15] , [5] , [16] , [17] and topological errors must be corrected [16] . However, these segmentation methods incorporate only very limited a priori knowledge of the anatomy. Thus, while the shapes created by these methods directly reflect the information in the images they tend to suffer unnecessarily from errors due to image artifacts or image noise. Several model-based approaches have been taken to address this problem.
Several multiscale methods have been applied to the problem of vessel surface reconstruction [18] - [20] . In these methods, the width of objects in grey-scale images are automatically determined for any given point in the image by matching the objects with convolution kernels of various sizes. Thus, for points along a vessel, an average vessel diameter is obtained. Together with the vessel axis, the diameter measurements fully describe the vessel surface. However, all such multiscale methods for vessel surface reconstruction assume that the vessel has a symmetric cross-sectional shape. Therefore, these methods have limited application for reconstruction of the vessel shape near bifurcations or in the presence of vascular disease such as atherorsclerosis.
Another class of methods, the deformable models, allows for more general vessel shapes while still providing the useful smoothing effects. In the deformable models, surfaces deform according to image and smoothing "forces" [21] . The image forces pull the surface toward edges in the image while the smoothing forces resist bending of the surface and maintain even spacing of vertices of the surface mesh. Several deformable models have been applied to reconstruction of vessel surfaces. Two-dimensional methods have been proposed in which the vessel boundary is reconstructed independently for each slice or plane [6] , [7] , [22] . These provide adequate results for the cases tested but improvements can certainly be obtained by unified 3-D reconstruction methods.
Several general-purpose 3-D deformable models have shown promise for surface reconstruction of large vessels. These methods have the potential to reconstruct nontubular shapes such as vessel aneurysms and to provide an integrated reconstruction of bifurcations from minimal initializations [23] - [25] . However, gross errors from these surface reconstructions have been found to occur in the region of bifurcations.
Recently, a 3-D deformable model has been developed by Frangi et al. specifically for vessel surface reconstruction that is based on a cylindrically parametrized surface mesh [26] . Since the cylindrical mesh is well-suited for vessel shape, a greater degree of smoothing can be obtained than from more generalized deformable model meshes. The model is initialized by a multiscale method in which the axis is constructed while simultaneously estimating vessel diameter. Once the deformable model is initialized, the mesh deforms according to the conventional mechanical analogy. However, there are inherent limitations in this deformable model. One limitation is that the smoothing constraints used in this model inherently bias the surface reconstruction. For example, the "stretching" force on the surface vertices, which is meant to produce an even spacing of vertices, also tends to constrict the vessel. While a "bending" force is imposed to counteract that constriction effect, a complete cancellation cannot be obtained. Another inherent problem of this deformable model is the limited maximum density of vertices in the surface mesh. While this model can be readily initialized for a low density of vertices, surface self-intersection problems will occur if the density of vertices is increased in the axial direction. We will discuss this problem in greater detail in the next section. We will present a new deformable model that resolves these problems.
III. THE TUBULAR DEFORMABLE MODEL

A. The Deformation Process
The model we present allows for curves in the vessel axis, variability in the vessel diameter and variability in cross-sectional shape. In our deformable model, vessel shape is described by a radial function of axial and circumferential position, . The parameter designates the axial location and the parameter designates the circumferential location. The subscript indicates the iteration of deformable model computation.
Parameters of the radial function , are defined within a tubular coordinate system which resembles but is not identical to a cylindrical coordinate system. In particular, the tubular coordinate system accommodates curved axes. However the tubular coordinate system reduces to the cylindrical coordinate system for straight axes. The axis of the tubular coordinate system is described by a path . The radial lines at each axial and circumferential position are described by the paths . The construction of the axial and radial paths will be described in more detail in the following sections. The notation of the coordinate system is clarified in Fig. 1 .
The deformable model is represented by a surface mesh. The vertices of the mesh fall at evenly spaced locations in the axial and circumferential directions.
The radial function describes the location of each vertex relative to the tubular coordinate system. The initial value ( 1) A further provision is that a decrease in image intensity occurs at the point, proceeding outwards from the vessel center (2) is obtained by convolution of the image with the gradient of the normalized spherical Gaussian function. The scale of the Gaussian kernel is dependent on the application.
After the radial function, , is initialized it deforms according to image and smoothing forces. The deformation is analogous to a mechanical equilibration process. As such, the instantaneous deformation of each vertex is given by (3) where and are the axial and angular locations adjacent to and . and are constants that are determined by trial-and-error for a given class of images.
represents the temporal step size of the deformation process (in units of distance).
represents the weight or importance given to the smoothing force relative to the image force (in units of inverse distance). The deformations are applied simultaneously to all vertices and repeated until an equilibrium condition is obtained. The mechanical analogy of the equilibration process is illustrated in Fig. 2 .
Additional forces may be included in the deformation process. For example, forces may be applied through user interaction to correct for gross errors in the surface reconstruction. An "anchor" manually placed at location will attract the surface toward itself. The manual force is implemented by modifying (3) to include a manual-force term (4) here for for
B. The Tubular Coordinate System
The deformable model of the vessels is based on a tubular coordinate system that allows for curvature of the cylindrical axis. The tubular coordinate system differs from the cylindrical coordinate system in several respects. First, the circumferential coordinate of the tubular coordinate system does not correspond to an absolute direction. Rather, the absolute direction for a given circumferential coordinate varies along the axis depending on curvature of the axis. We define a circumferential coordinate such that a minimum of angular change occurs between adjacent points on the axis. Given the path of the vessel, is the unit vector along the vessel axis and is the reference radial orientation. These vectors are shown in Fig. 1 (5) (6) The reference orientation at the adjacent axial point is then (7) The reference circumferential orientation for a curved axis is shown in Fig. 3 . A normal radial vector is obtained by the cross product of the reference radial vector with the axis vector (8) All initial radial vectors are constructed from a linear combination of the reference and normal radial directions. Our imple- Thus, the radial vector corresponds to a unit vector at the 4th angular position and 0th radial position ( 4 and 0)
A second feature of the tubular coordinate system, as mentioned in the previous section, is that the radii do not emanate in straight lines from the axis at all points. Rather, the radial lines are warped in areas where the vessel axis is curved. This warping prevents radial lines from adjacent axial locations from intersecting one another. The radial lines are defined prior to the deformation process. The radial lines extend outwards at a constant step size (Step size) of 0.1 of the in-plane pixel resolution. Spatial resolution below this step size is considered insignificant (10) Radial lines are concatenated when intersections would occur. In principle, the radial lines from an axis will not intersect one another exactly due to the discrete locations of the radial lines and to out-of-plane components of the radial direction vectors. Thus, a practical definition of line intersection must be adopted. Radial lines are considered to intersect one another if one radial line enters the territory of the second radial line. The territory, of a radial line is the region that is closer to the origin of that radial line than to that of any other radial line (11) Thus, for a given circumferential location, territories of all radial lines are nonoverlapping or nonintersecting (12) The concept of territories can be used to prevent intersections of radial lines by confining each radial line to its own territory. This principle is illustrated in Fig. 4 .
In practice, the definition of territories by (11) is overly conservative. If each radial line is strictly confined to its own territory, gaps occur between radial lines. Gaps can be eliminated by relaxing the definition of territories to allow for a modest degree of overlap of the territories (13) Fig. 4 . Condition for truncation of radial lines. Radial lines project outwards perpendicularly from the predefined axis of the tubular coordinate system. In certain cases the radial lines must be truncated to prevent intersections. The condition for truncation is that a radial line leaves its "territory". In this diagram, the radial line from the axial position a is truncated when it enters the territory of a . The boundary between two territories is located at the line of equidistance between a and a (e e ). Truncation of radial lines from nonadjacent axial positions (11) is shown. where and are portions of the territories of the adjacent radial lines for for (14) for for (15) The points and are defined as points on a given radial line at the point at which a radial line most nearly intersects with the radial lines and , from downstream and upstream points along the axis, respectively. When these intersection points exist, the following is true:
for ( The truncation point for each radial line is then defined as the point at which the radial line leaves its own territory (18) By the modified definition of territories, truncations tend to occur only between radial lines from nonadjacent points on the axis. After the process of truncation, truncated radial lines then merged so that all extend outwards to the maximal radial position. The merging proceeds according to the following algorithm:
For to For all if for to is the predefined maximal value of the parameter of the radial paths.
is the axial location of the nonconcatenated radial line that is nearest in the axial direction such that (19) A set of radial paths for a segment of an axis are shown in Fig. 5 . Meshes constructed from vertices at constant radial locations for a curved axis are shown in Fig. 6 .
C. Merging Vertices
The cylindrical deformation process could be applied directly to the modified cylindrical coordinate system. However, bunching of vertices will occur where radial lines merge. Where such bunching occurs, the effective elasticity of the surface becomes significantly greater which reduces the surface smoothness. This effect is removed by merging vertices in the deformation process to match the merging of the radial lines. This precludes two vertices from co-existing on the same radial line.
Before describing the procedure for merging vertices, we introduce a notation for describing vertices. The vertices form a set where first vertex subscript refers to the axial location and the second subscript refers to the angular location. There is a single radial path associated with each vertex. Also associated with each vertex is the number of vertices with which it is merged:
. Initially, 1 for all vertices. The procedure for merging vertices is as follows. The vertices initially exist for all circumferential and axial locations. 
The set of circumferential neighbors accumulates for each merging such that the number of circumferential neighbors outnumbers the axial neighbors. To maintain a balance between the axial and circumferential component of the elastic force, the total circumferential elastic force must be rescaled. Thus, (3) is modified as follows for the merged phase of deformations:
The deformations in the merged phase is exactly the same as in the initial phase except that elasticity is different in the circumferential and axial directions for merged vertices. For axial neighbors, the elasticity constant has the same value as for the initial deformation phase (23) For the circumferential neighbors, the elasticity constant is reduced according to the following formula:
D. Formation of Vessel Axis
The tubular coordinate system is constructed from a vessel axis that is determined manually. This step could potentially be carried out in an automated or semi-automated manner [18] , [26] , [32] . However, robustness of existing methodologies is not established for the carotid artery. Factors that complicate centerline detection in the carotid artery bifurcation region include image artifacts such as venous contamination in contrast-enhanced MRA and proximity of the internal and external carotid arteries distal to the bifurcation. Also, centerlines are subject to error in bifurcation regions where the vessel path is inherently ambiguous [18] , [26] . Further discussion of centerline detection or skeletonization is beyond the scope of this investigation.
The axis is formed from a sequence of points along the center of the vessel identified by the user. A sufficient number of points must be chosen to represent all the curves in the vessel. Points along the center of the vessel can be easily identified by the user by displaying slices of the image normal to the axis of the vessel side-by-side with a 3-D surface display of the vessels to provide anatomical reference (Fig. 7) . In certain cases where the vessel follows a torturous path, points along the axis may be chosen from the maximum intensity projection (MIP). Identification of points on a MIP provides a 3-D coordinate since each point in the MIP is associated with a single point in the 3-D image in the projection process. The axis is smoothed with a cubic b-spline and interpolated to have a spacing of 0.5 mm between points. Thus, the spacing of the vertices in the circumferential and axial directions is similar for vessels of the dimensions of the carotid artery. 
IV. APPLICATION
A. Digital Phantom of Vessel With Stenosis
A MRA image was simulated based on an idealistic geometry of a vessel with a stenosis. The geometry of the vessel is perfectly symmetrical about its axis. The radius of the vessel is described in Fig. 8 . At the stenosis, the radius of the vessel tapers at a rate of pixels/pixel. The vessel tapers symmetrically for 12 pixel units in the axial direction to produce a percent stenosis of the vessel of 54.5% according to the clinical definition of stenosis Percent Stenosis minimum diameter normal diameter (25) The 3-D image has isotropic voxel dimensions. A high-resolution binary mask of the vessel geometry is created. The binary mask is then down-sampled ten times in each direction. Each voxel in the resulting image is the sum of the binary values in the original image. This provides an image with the partial volume effects at the edges of the vessel. The image is blurred by convolution with 3-D Gaussian kernel with a space constant of 1.0 pixel units. After scaling, the maximal intensity within the vessel is 250. Image noise is simulated using a pseudorandom number generator with a normal distribution. The image noise is blurred by convolution with a Gaussian with a space contant of 1.0 pixel units. After scaling, the standard deviation of the noise is 77. Cross-sectional views of the digital phantom are shown in Fig. 9 . The vessel surface of the digital phantom was reconstructed with the tubular deformable model using the axis of the idealistic shape and using a range of the smoothing parameter . Values used for the smoothing parameter were 0.1, 1, 10, 100, and 1000 where 2.86 10 . The iteration step size was 5 10 cm and the 1000 deformation iterations were applied in the prevertex and postvertex merging phases (although no vertex merging occurs since the axis is straight in this case). The use of 1000 iterations is excessive but ensures the completion of the deformation process. The iteration step size was chosen by trial-and-error. Obvious instabilities occur if the choice of is too large. The space constant of the gradient magnitude operator, , used in the deformation [(3), (4), and (22), is 1.0 in-plane of in-plane pixel size. The results of the surface reconstruction are shown in Fig. 9(c)-(e) ].
An average vessel radii was obtained at each axial position along the axis. To calculate the average radius, a cross-sectional area was calculated from the vertex positions at that radial position (26) where is the triangular area between the axial point and two circumferentially adjacent points and is the polygonal area at the th axial location. The average radius is then given by the formula for the area of a circle multiplied by a constant factor, 1.025, to compensate for the difference in area between a triangle and a corresponding arc of a circle (27) Twenty-five contiguous axial locations at both ends of the vessel were used to determine the average vessel radius and the standard deviation of the vessel radius. The measured degree of stenosis of the reconstructed vessel was defined as the minimum radius divided by the average vessel radius in the normal section of the vessel. The results are shown in Table I .
The surface was also reconstructed using vessel axes defined by user-interaction. For all trials was set to 100. In all other respects, the surface reconstruction was identical to above study using idealistic vessel axis. The results of three trials are shown in Table II . The average radii of a segment was calculated from 8-10 axial points using (27) . The average radii of all segments differed from the known radii by less than 20% of the average voxel dimension. Radii at the stenosis were compared with radii measured manually from computed tomography image (CT) of the phantom (15-cm field of view, reconstructed to 0.3-mm in-plane resolution, Oriented normal to axis of stenosis). The difference between the radii measured by the deformable model and from CT was 0.2 mm. The results of the surface reconstruction are shown in Fig. 10 .
B. Phantom of Carotid Artery Bifurcation With Stenosis
The tubular deformable model was applied to an MR image of a glass phantom of the carotid artery bifurcation with stenosis of the internal CA(3-D SPGR, Voxel dimensions 0.31 0.31 1.0 mm, Phantom filled with 60:40 ratio water to glycerine, No fluid flow). The glass phantom was constructed according to typical dimensions ( 8 mm, 7 mm, 6 mm) with a moderate stenosis at the origin of the ICA [27] . The CCA/ICA segment and CCA/ECA segments of the phantom were independently reconstructed from the MR image. For applications of the deformable model to images of the vessel phantom and to MRA, the elasticitiy parameter was chosen by the process of trial-and-error although the same value, 7 10 cm is used for both the phantom and data from human subjects The space constant of the gradient magnitude operator, , is 1.0 in-plane voxel units for all tests of the algorithm. Image contrast is similar for all images. The contrast is in the range of 200 to 300 gray-scale units. The reconstruction of the phantom is carried out in a total of 100 deformation iterations. Fifty iterations are carried out prior to merging of vertices and 50 after merging of vertices. Visible change in the surface was not seen beyond this number of iterations. The choice of the iteration step size was made so as to avoid a computational instability that is analogous to an undamped oscillation of the mechanical spring system. The iteration step size application to all MR images was 0.05 cm.
C. Carotid Arteries of Normal Subjects
Surface reconstruction of the carotid artery was carried out on contrast-enhanced MRA images. MR images were acquired with contrast injection of Gd-DTPA (fast-gradient recalled echo sequence, GE Corp.) of one carotid artery from each of four normal subjects. As with reconstruction of phantom, the reconstruction was carried out with 50 deformations prior to merging of vertices and 50 after merging. The iteration step size 0.05 cm, was also the same as for the phantom reconstruction. Realistic surfaces were obtained for all four images that were consistent with both the MIP's and the source images (Fig. 11) . The vessels all exhibited the characteristic bulb at the origin of the internal carotid artery. Also, the relative diameters of the common, internal and external carotid arteries are consistent with the normal anatomy. Only a limited portion of ECA and its sub-tree was reconstructed since the vessel rapidly bifurcates which increases the complexity of identifying the axis. However, the portion of the ECA reconstructed is adequate for CFD modeling of flow in the carotid bifurcation.
D. Carotid Arteries With Stenosis
Two carotid arteries from each of two subjects with stenosis of the carotid artery were reconstructed with the tubular deformable model. The result for one of the vessels is shown in Fig. 12 . For one image, the reconstructed surface is smooth and entirely consistent with the MIP and source images. For the other image (the one shown in Fig. 12 ), the surface reconstruction has one noticeable error at the origin of the ICA. At this location, an indentation in the lumen was smoothed-over in the reconstruction. This error occurred due to small size of the indentation and due to proximity to the insertion of the ECA where there is a discontinuity in the radial location of the surface. This error can be manually corrected by inserting a point to provide an attractive force toward the correct location. The elastic coefficient of the manual attractive force 7 10 cm [in (4)] as determined by trial-and-error. When a manual attractive force is present the iteration step size was reduced to, 0.025 cm to avoid instability in the simulation of the mechanical deformation. The total number of deformation iterations is then increased to a total of 100.
The degree of stenosis apparent in the surface reconstruction is less than in the MIP. However, the discrepancy is not due to purely to smoothing effects of the deformable model since a similar degree of stenosis is observed when the surface is constructed with no smoothing. The error may be attributed to the tendency of the MIP to over-estimate the degree of stenosis. Only one artery from each subject was reconstructed since the contra-lateral vessel was occluded in one case and suffered from severe image artifacts in the other.
E. Renal Arteries With Stenosis
The abdominal aorta and renal artery were reconstructed in two subjects with renal artery stenosis from contrast-enhanced MRA (fast gradient recalled echo sequence, GE Corp.). The surface reconstruction parameters were the same as those used for the carotid arteries. Surfaces of both the renal arteries and the aortas are smooth and are consistent with MIP and source images. The results are shown in Fig. 13 .
V. DISCUSSION
The tubular deformable model is an attractive method for blood-vessel surface reconstruction from 3-D angiography. This method is similar to the Frangi model [26] for vessel surface reconstruction. Like the Frangi model, for example, the surface mesh of our model is cylindrical. However, the two deformable models differ in important respects. One important difference, which favors our method, is the process of initialization of the deformable model. The multiscale method used by Frangi et al. (and proposed earlier by Aylward et al. [28] ) requires a consistent cross-sectional image intensity profile along blood vessels. However, for contrast-enhanced MRA, flow and timing artifacts can significantly distort the cross-sectional image intensity profile. For example, the jugular vein, which is immediately adjacent to the carotid artery will enhance to varying degrees depending on the rates of venous return in the given individual and to the exact timing of the image acquisition. The presence of the vein next to carotid artery will affect the localization of the axis of an object using multiscale methods [29] . Inititialization of the tubular deformable model is a 1D edge detection method which assumes only the image intensity decrease is greatest at the boundary of the lumen. Another advantage of our method is that meshes are constructed with high vertex density. This allows for representation of smaller-scale detail of the lumen shape such as focal stensoses or protrusions into or out from the lumen. High vertex density cannot be obtained for simple cylindrical meshes where vertices are simply placed along normals from the axis. For such a cylindrical mesh, the radial lines from nearby points along the axis will converge at the inside of curves of the cylindrical axis and intersect with one another. This problem is avoided in the tubular coordinate system by a systematic merging of radial lines.
The tubular coordinate system allows for the description of the vessel shape in terms of a single radial parametric function. This has a subtle advantage over the rectilinear parametric functions used in the Frangi model [26] . Whereas smoothing of rectilinear parametric functions of shape must be biased toward either under-or over-estimation of vessel diameter, no such bias is present in the tubular deformable model. While the rectilinear parametric shape functions allow for reconstruction of more generalized shapes, that is only a modest advantage for the reconstruction of blood vessel surfaces.
Vessel bifurcations can be accurately reconstructed with the tubular deformable model. While we have only shown the bifurcations as superimposed 3-D shaded surface displays, the surface meshes themselves can be merged. A straightforward method for merging such surfaces has recently been developed [30] .
VI. CONCLUSION
The tubular deformable model will be useful for quantification of vessel shape from 3-D angiograph. Particularly in cases where there is a mild rate of tapering of the lumen at a stenosis, the tubular deformable model is likely to provide a more accurate measurement of the degree of stenosis than from manual interpretation. The deformable model will also enable more accurate realistic CFD modeling of blood flow patterns and better assessment of the risk of stroke, for example, posed by a given abnormality in the carotid lumen shape.
Another potential application of the tubular deformable model is for artery-vein separation in contrast-enhanced MRA. The tubular deformable model could conceivably be applied to a vein nearby to an artery of interest. Once the surface of the vein is reconstructed, it could be nulled-out to leave an unobstructed view of the artery. These potential applications will be addressed in future investigations.
The method we propose for surface reconstruction requires that the vessel axis be defined manually. This is a satisfactory approach since the central point of a vessel can be manually identified relatively quickly and accurately. However, a greater degree of automation in the vessel axis definition is desirable. We do not address this problem in this paper since the axis detection step is largely independent from the surface reconstruction process. However, there has recently been significant progress in this area [31] , [28] , [32] .
